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Abstract
Compared to physics-based models, the gray-box modeling approach has clear advantages
including reduced engineering efforts in the model development phase, higher computational
efficiency, improved accuracy and reduced uncertainties. In this paper, we present a gray-box
steady-state modeling methodology for variable-speed direct-expansion systems that is robust
against limited training data. The methodology incorporates a dual-stage training scheme, where
component models are identified separately, and then integrated through continuity constraints to
establish a system model trained on a higher hierarch. To further improve model reliability and
robustness, the training methodology incorporates two commissioning techniques, i.e.,
significance ranking and de-correlation, to down-select the estimation parameters according to the
quality of the training data. To demonstrate the efficacy, the proposed modeling methodology was
applied to a 3-ton variable-speed heat pump. Qualities of the identified models were evaluated in
terms of parameter accuracy and model prediction accuracy against variable training data sizes.
Robustness of the methodology was demonstrated in achieving reasonable model accuracies with
limited training data.
Key words: gray-box model; variable-speed direct-expansion systems; data-driven models;
model pre-conditioning.
Nomenclature
y
J
Mn
s
Q
h
m
T
A
cp
k
Re
Pr
f

measured output
sensitivity matrix
information matrix
significance vector
heat transfer rate (W)
enthalpy (J kg-1)
mass flow rate (kg s-1)
temperature (K)
heat transfer area (m2)
specific heat (J kg-1 K-1)
thermal conductivity (W m-1 K-1)
Reynolds number
Prandtl number
friction factor
1

q
Vs
fhl
P

refrigerant quality
compressor swept volume (m3)
compressor heat loss ratio
pressure (Pa)

Greek symbols
θ
dimensionless parameters
χtt
Lockhart–Martinelli parameter
α
heat transfer coefficient (W m-2 K-1)
υ
specific volume (m3 kg-1)
λ
specific heat ratio
ηcomb
combined isentropic efficiency
Subscripts
a
air side
r
refrigerant side
w
tube wall
i
inner
o
outer
e
evaporator
c
condenser
tp
two-phase
sat
saturated phase
l
liquid phase
g
gas phase
suc
suction
dis
discharge
Abbreviations
VCS
Vapor Compression System
COP
Coefficient of Performance
FDD
Fault Detection and Diagnostics
DX
Direct-Expansion
HTC
Heat Transfer Coefficient
EXV
Electronic Expansion Valve
CAI/O
Condenser Air Inlet/Outlet
EAI/O
Evaporator Air Inlet/Outlet
CRI/O
Condenser Refrigerant Inlet/Outlet
ERI/O
Evaporator Refrigerant Inlet/Outlet
LLO
Liquid Line Outlet
RMSRE Root Mean Square Relative Error
OED
Optimal Experimental Design
1. Introduction
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Buildings account for approximately 76% of electricity use in the U.S. and more than 24% of
building electrical energy is consumed by vapor compression equipment, such as air-conditioners
and refrigerators/freezers (EIA, 2020). Therefore, reliable mathematical models of vaporcompression systems (VCS) with moderate computational requirements are critical to achieve the
maximum building energy efficiency through optimized control and advanced fault detection and
diagnostics (FDD).
Optimized system design typically relies on white-box or physics-based models, which usually
bases on complex mathematical descriptions and require significant computational resources. For
example, Lee et al. (2000) established a white-box model for the evaporator in an automobile airconditioning system to predict system performance under different operating conditions. The
numerical model requires iterative processes for calculation of the boiling number and thereby
significant computing power. The acquisition of geometric details of the heat exchanger is time
consuming, which further limits the application of white-box models for real-world applications.
Furthermore, uncertainties in the model parameters often result in degraded accuracy and
reliability. Because of these drawbacks, the white-box approach is not appropriate for modeling of
existing equipment and online applications. Black-box models rely on pure empirical correlations
to predict system behaviors and belong to the broader family of data-driven models. With
minimum computing power requirements, black-box models are suitable for real-time applications
such as optimized control and FDD. The major barriers for their practical implementations are
poor extrapolating performance and requirement of large training data sets. Lack of interpretability
raises reliability concerns and represents another technical challenge for real-world applications.
Gray-box modeling approach, which combines the underlying physics and empirical correlations
derived from operation data, offers a variety of benefits including high computational efficiency,
reduced engineering efforts for model development, improved reliability and reduced training data
requirements. Cai et al. (2015) compared a gray-box approach and the ASHRAE Toolkit-based
black-box method for modeling of a multi-stage direct-expansion (DX) system. The validation
results showed poor extrapolating performance of the black-box model at supply air temperatures
not covered by the training data, while the gray-box model was capable of providing reasonable
predictions even in the extrapolating region.
A majority of previous work on data-driven modeling of VCS focused on characterization of
system-level performance, such as cooling capacity and compressor power, under variable
operating conditions. For example, Gordon et al. (1994) proposed a linear correlation for
predicting a chiller’s coefficient of performance (COP) from the cooling load and saturated
condensing/evaporating temperatures. To better capture nonlinear characteristics, Li et al. (2002)
presented a hybrid approach that combines a low-order polynomial with general regression neural
network to improve both the interpolating and extrapolating performances for prediction of rooftop
air conditioners’ COP and cooling capacity. Breuker et al. (1998) introduced a lookup table-based
model in support of automated FDD; the model relates the critical temperatures (e.g. superheat
and subcooling) to air side operating conditions (e.g. dry-bulb and wet-bulb temperatures) for
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fixed-speed DX systems, which can then be used for detection of charge-related faults. Swider
(2003) conducted a comprehensive survey of regression-based VCS models, including simple
linear regression, multivariate polynomial, radial basis function neural network model, etc. and
compared their prediction accuracy of a chiller’s COP by using inputs that are readily known to
operating engineers, such as chilled/condensing water inlet temperatures. Although system
performance models are easy to implement and widely used for first-order estimation of energy
efficiency, they lack adequate granularity for advanced analytics such as optimal controls and FDD.
Process oriented models are able to capture the underlying thermodynamics of a VCS and thus,
can capture intrinsic behaviors with improved extrapolating performance. Process oriented models
are typically established in a bottom-up approach and appear in the form of gray-box models,
where key correlation parameters are obtained from performance data. Previously developed graybox process oriented models often utilized semi-empirical correlations for compressors and
expansion valves but employed heat exchanger models of various forms and complexities,
including lumped-parameter model (e.g., Yu et al., 2006, Cai et al., 2015, Browne et al., 1998),
moving-boundary approach (e.g., Browne et al., 2001, Lee et al., 2000, Jabardo et al., 2002,
Cheung et al., 2013), and finite control-volume method (e.g., Rossi, 1995, Haberschill et al., 2002) .
The lumped method requires the lowest computing power; but it cannot capture the
thermodynamic gradient in the flow direction leading to noticeable inaccuracies. The movingboundary approach segments the heat exchanger into two or three control volumes based on the
refrigerant phase, while a lumped analysis is performed for each region. Although the movingboundary method features improved accuracy compared to a lumped model, averaging of
refrigerant thermal properties is still needed in each region and transition between the adjacent
regions is typically accompanied by discontinuity in the thermal responses, which may cause
numerical issues for advanced analytics. A finite control-volume model divides a heat exchanger
into a number of small control volumes to capture the high-granularity thermodynamic
characteristics and thus, is best suited for advanced controls and FDD with good numerical stability.
The major technical challenge of a gray-box finite control-volume approach is associated with the
identifiability of the model, arising from high-dimension parameter estimation. To mitigate
possible over-parameterization, a large training data set is often a necessity but the data acquisition
cost can be prohibitively high.
In this paper, we present a reliable and robust gray-box modeling methodology for variablespeed DX systems, that can accommodate applications with limited training data. The model
employs a finite control-volume approach for performance characterization of the evaporator and
condenser with simplified HTC correlations. To mitigate over-parameterization and improve
model identifiability, the methodology incorporates sensitivity-based significance ranking and decorrelating steps to identify the influential parameters to be estimated in the training process. The
proposed approach can adapt the number of estimation parameters with training data which
offering satisfactory extrapolating performance. To demonstrate the effectiveness, the overall
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methodology was applied to a 3-ton variable-speed heat pump, and model accuracies were
compared for different sizes of training data.
2. Parameter reduction algorithms
To mitigate potential over-parametrization issues for cases with limited training data, preconditioning of the parameter set is often required, such as down-selection and de-correlation of
estimation parameters. This section describes two sequential techniques for parameter reduction
to improve the computational efficiency and model identifiability in the training process.
A simulation model has the following generic form:

yi () = F (Ui , )   i ()  yˆi ()   i (), 1  i  N
(1)
where yi(θ) is the measured output for the ith data point, yˆi () or F(Ui, θ) is the predicted output
by the model, θ is the vector of estimation parameters, U collects the measured inputs, and ɛi(θ) is
the model prediction error.
We define from a vector representation of Eq. (1)

J () =
( yˆ ())
(2)


Mn () = J ()J()

(3)

where J is the Jacobian matrix of the model output with respect to the parameter vector and is thus
called sensitivity matrix. The matrix Mn, termed information matrix, approximates the Fisher
information matrix and also the inverse of parameter covariance matrix (up to a scalar) when the
parameter values are close to the ground truth (Ljung, 1999).
Define the significance vector as
s() = (M n ())0.5
(4)
jj
where the operator (.)jj returns the diagonal elements of a given matrix and indicates the
significance level for the jth parameter. An intuitive interpretation of the significance value is the
root mean square of the difference in the model output when the jth parameter is perturbed by a
given percentage. Therefore, a higher value of sj indicates higher sensitivity and significance and
corresponds to a smaller confidence interval for the jth parameter.
It may be noted that the significance only indicates an individual parameter’s identifiability.
When estimation is carried out with multiple parameters, correlations could exist across the
parameters which would result in ill-conditioned estimation problems and cause deteriorated
model accuracy. The following de-correlation procedure can be implemented to eliminate
correlated parameters and improve model reliability (Cai et al., 2014):
1. Calculate the information matrix Mn in Eq. (3).
2. Find the minimum eigenvalue and the corresponding eigenvector v of Mn; then the
maximum entry and the associated index k are located; the kth parameter has the highest
correlation with others and should be removed from the parameter set.
3. Remove the kth row and column of Mn.
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4. Stop if the condition number of Mn is smaller than a pre-defined threshold; otherwise repeat
steps 2 with the reduced Mn.
3. Methodology
Gray box models for the various components of a DX system are firstly presented. The models
capture the underlying physics through heat and mass balances together with empirical correlations
whose parameters are trained with performance data obtained from experiments. The identified
component models are then integrated through continuity constraints to establish a complete
system model.
Figure 1 shows a representative schematic of a VCS and illustrates the modeling approach. The
finite control-volume method is utilized for modeling of the heat exchangers, where energy and
mass balances are applied for each control volume to estimate the heat transfer between the
refrigerant and overflowing air. The thermal status of refrigerant for each control volume is
determined by comparing the local enthalpy with the saturated gas/liquid enthalpy, and heat
transfer correlations are applied accordingly.
Outdoor fan

Condenser

Liquid phase

EXV

Two phase

Vapor phase
Compressor

Indoor fan

Wall

Refrigerant flow
Heat flux
Air flow
Evaporator

Fin

Two phase

Tube

Vapor phase

Figure 1 Schematic diagram for modeling of a vapor compression system.

The following assumptions are made for modeling of the system
1. The electronic expansion valve (EXV) is not modeled explicitly; instead, the superheat is
assumed to always match the measured value, enforced by an equality constraint in the
system integration process, and the expansion process is assumed to be isenthalpic; the
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superheat is assumed to always match the measured value, enforced by an equality
constraint in the system integration process
2. Refrigerant-side pressure drops are neglected for both the evaporator and condenser;
3. Counter-flow heat transfer is assumed for both heat exchangers; this is a reasonable
assumption for heat exchangers with more than 3 rows of tubes in the traverse direction
(Belman et al., 2010);
4. Refrigerant inventory is constant, i.e., there is no refrigerant reservoir during steady-state
operation.
For the mth control volume, the following energy balance equation characterizes the heat
exchange between the air and refrigerant:
Qm  ( r ,m i ,m )(Tw,m  Tr ,m )  ( a ,m o,m )(Ta ,m  Tw,m )
(5)
 mr (hm  hm 1 )  c p ,a ma (Ta ,m 1  Ta ,m )
where Qm is the heat transfer rate, αr,m and αa,m represent the refrigerant- and air-side heat transfer
coefficients (HTC), respectively, Ai,m and Ao,m denote the inner and outer heat transfer areas, Tw,m
and Tr,m are tube wall and refrigerant temperatures, Ta,m+1 and Ta,m are the air inlet and outlet
temperatures, mr and ma are the mass flow rates of the refrigerant and air, and cp,a is the air specific
heat. hm is the refrigerant enthalpy of the mth control volume, which is assumed to be identical
across the whole control volume. Therefore, hm can also be regarded as the outlet enthalpy of the
mth control volume and the corresponding refrigerant temperature (Tr,m) can be obtained using
refrigerant thermal property calculation routines such as CoolProp (Bell et al., 2016).
The main unknowns in Eq. (5) are the refrigerant- and air-side HTCs. The gray box component
models are to estimate the HTCs based on local operating conditions and thermal properties;
modeling details are elaborated in the following subsections.
3.1. Evaporator
The simplified exponential form derived by Wang et al. (1997) for wavy fin-and-tube heat
exchangers is proposed to correlate the air side HTC αa,e and the mass flow rate ma

 a ,e Ao,e  a1maa

2

(6)

where a1, a2 are estimation parameters. For the air side heat exchange, we only consider the dry
coil scenario in this study since all experimental tests were conducted with low return air humidity.
However, wet coil heat transfer characteristics can also be easily captured by establishing an
empirical correlation of the Lewis number (Pirompugd et al., 2006) from wet-coil experimental
data in estimation of the mass transfer coefficient.
For the refrigerant side, we derived a simplified evaporation HTC form from the correlation by
Chen (1966), which considers both the effects of nucleate pool boiling and forced convection and
doesn’t require the calculation of the boiling number. The simplified correlation is


1
 tp ,e  1Tr,e Tsat 
 1   Re
4
tp

2

3

5

7



   6  tt 7  l ,e


(7)

where θ1 to θ7 are estimation parameters, ∆Tsat is the temperature difference of the tube wall (Tw)
and the refrigerant temperature (Tr,e). Retp is the two-phase Reynolds number. αl,e is the liquid phase
convective HTC obtained using the turbulent flow correlation of Dittus-Boelter (Incropera et al.,
2007). χtt is the Martinelli parameter which is a function of refrigerant quality q. The first term
corresponds to the nucleate pool boiling effect while the second term captures heat exchange due
to forced convection.
The two-phase heat transfer dominates the total cooling effect of the evaporator and only a
small fraction of heat exchange occurs in the superheated region. To ensure model identifiability,
the gray-box model adopts the following Gnielinski correlation (Admiraal et al., 1993) for the
superheated phase directly, without any training:
k ( f / 8)( Reg  1000) Prg
 g ,e 
(8)
Di 1  12.7( f / 8)0.5 ( Prg2/3  1)
where k is the gas-phase thermal conductivity, the Reynolds number Reg and Prandtl number Prg
are both defined in the superheated phase, Di is the tube internal diameter, and the friction factor f
is a function of the gas-phase Reynolds number. This is a reasonable assumption considering the
fact that the two-phase heat transfer rate contributes 88% to 94% of the total cooling capacity in
all the collected experimental data.
Refrigerant inventory affects the operating pressures of a VCS. To estimate the amount of
refrigerant residing in each control volume, the correlation by Tandon et al. (1985) is adopted that
estimates the void fraction for a given quality q.
3.2. Condenser
DX condensers are typically also of a fin-and-tube type with wavy fins. Therefore, the air-side
heat transfer correlation presented for the evaporator coil can be directly applied. However, unlike
the evaporator coil that is subject to variable airflow, the condenser fan of the test unit has a fixed
speed. Therefore, the air-side HTC αa,c can be identified as an individual estimation parameter.
The following simplified form, derived from the Shah correlation (Shah, 1979), is used in the
gray-box model to estimate the condensation HTC

tp,c  l ,c c1 (1  q)c  c3qc Trc,c 
2

4

5

(9)

where c1 to c5 are parameters to be estimated, Tr,c is the saturated condensing temperature, αl,c is
the liquid phase convective HTC. It may be noted that for the subcooled region, the estimation
parameter c1 serves as a correction factor for the liquid-phase HTC when the quality q approaches
zero. Therefore, the condenser model in Eq. (9) captures the heat transfer characteristics for both
the two-phase condensation and subcooled regions, which together play a dominant role in the
total condenser heat; only a small fraction (less than 15% from the experimental data) of heat
exchange occurs in the desuperheated region. Therefore, similar to the evaporator case, the graybox model applies the Gnielinski HTC correlation for the desuperheated region without any
training.
8

3.3. Compressor
A compressor model is developed to estimate the refrigerant mass flow rate, discharge enthalpy
and compressor power for given compressor speed and suction/discharge conditions. For a scroll
compressor, it is a common practice to assume a volumetric efficiency of 100% (Stoecker, 1988).
Therefore, the refrigerant mass flow rate pumped by the compressor can be calculated by
(Winandy et al., 2002)

mr 

Vs  RPM
60suc

(10)

where mr is refrigerant mass flow rate, υsuc is the specific volume of refrigerant at the suction port,
and Vs represents the swept volume of the compressor, which is the only parameter that needs to
be estimated for the mass flow sub-model, and RPM is the compressor speed.
The electrical power input to the compressor has been modeled based on estimating the work
necessary for a polytropic compression process as well as an efficiency term that includes the
electric motor efficiency and other inefficiencies that occur inside a compressor, such as frictional
effects. Eq. (11) shows the power model (Reindl et al., 2000) including this combined efficiency
Power  (1  f hl )comb  mr (hdis  hsuc )comb
 1
 

 
 mr 
Pesuc ( Pc / Pe )   1 
   1

 

(11)

ideal isentropic gain

where hdis and hsuc are discharge and suction enthalpy, respectively, λ is the specific heat ratio and
fhl is the heat loss ratio. The right-hand side of this equation provides the ideal isentropic/polytropic
work and the term inside the curly brackets gives the refrigerant enthalpy gain for ideal
compression. The study by Chen et al. (2000) has shown that the combined isentropic efficiency
ηcomb has strong dependence on the pressure ratio Pc/Pe and compressor speed. Based on the
experimental data collected in the present study, the following polynomial correlation is proposed

comb  d1  d 2 Ln( Pc / Pe ) + d3 RPM  d 4 Ln( Pc / Pe ) RPM

(12)

where d1 to d4 are estimation parameters. The study by Willich et al. (2017) found a close-to-linear
relationship between the heat loss ratio and compressor speed. In addition, the ambient temperature
Ta was also found to be influential and the following linear form is proposed to estimate the heat
loss ratio

f hl  e1  e2 RPM  e3Ta

(13)

where e1 to e3 are coefficients to be estimated. The combined isentropic efficiency ηcomb allows the
calculation of the discharge enthalpy and the heat loss ratio can then be used together with the
mass flow and isentropic efficiency sub-models to estimate the compressor power input.
3.4. Integrated model
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The component models described in the preceding subsections are trained separately from
experimental data and are then coupled to establish an integrated gray-box model through
continuity constraints, i.e., the outlet conditions of one component need to match the inlet
conditions of the downstream component. The system integration involves solving a system of two
equations with two unknowns, i.e., the evaporating and condensing pressures. The two equations
that need to be satisfied are 1) the total refrigerant charge remains constant at a pre-determined
level, which is an estimation parameter, and 2) the suction superheat is equal to the setpoint. The
two intermediate variables, i.e., the evaporating/condensing pressures, are solved iteratively using
a multivariate Newton’s method for each steady-state operation point.
The overall modeling methodology entails a two-level training procedure: the lower level
identifies the component models separately while the upper level only involves the identification
of the total refrigerant charge. Since none of the component models has any dependence on
refrigerant inventory, the two training hierarchies are decoupled and can be executed sequentially.
4. Experimental setup
To demonstrate the effectiveness, the proposed modeling approach was applied to a variablespeed split DX system with a rated cooling capacity of 3 tons. The outdoor unit houses a variablespeed scroll compressor, a condenser coil and a condenser fan. The indoor unit packages an Ashaped evaporator coil, an ECM-driven supply fan and an EXV. The number of rows in the traverse
direction for the evaporator and condenser are 3 and 4, respectively, and both heat exchangers have
8 parallel refrigerant circuits.
The indoor unit is connected to an indoor environment test loop, which is able to accommodate
flexible load testing with control accuracies of ±0.2 °C for dry bulb temperature and ±0.5% for
relative humidity. The outdoor unit is placed in a psychrometric chamber, which can reproduce a
wide range of outdoor environmental conditions with identical control accuracies to those of the
indoor test loop.
Figure 2 shows a schematic diagram of the sensing instrumentation of the test DX system. The
system consists of a single vapor-compression circuit with R410A as the working fluid. Sensors
have been installed to measure key operation variables such as pressures (P), temperatures (T),
volumetric and mass ﬂow rates, and power consumption. Three power meters are available to
monitor real-time power usage of the compressor, condenser fan and supply fan. Detailed sensor
information and technical parameters are presented in Table 1.
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Figure 2 Sensor instrumentation diagram.
Table 1
Technical specifications of measurement devices
Sensor type/
Sensor/model name
Measurement point
model number
in Figure 2
Ohio Semitronics
Indoor/outdoor fan power
IDF_PM/ ODF_PM
PC5-011C
Ohio Semitronics
Compressor power
COMP_PM
PC5-113C
Condensation/evaporation
pressure
Condensation/evaporation
temperature
Return/supply air
temperature
Return/supply air relative
humidity

Honeywell
Piezoresistive pressure
transducer

CRO_P, LLO_P,
DIS_P/ SUC_P,
ERO_P, ERI_P

Omega Type-T
thermocouple
Omega Type-T
thermocouple
Vaisala
Capacitive thin film
polymer
HMD70Y

CRO_T, DIS_T/
ERO_T, SUC_T
CAI_T, EAI_T/
CAO_T, EAO_T

EAI_RH/ EAO_RH

Notes
Accuracy: ±0.5%
Accuracy: ±0.5%
Range: 0~500 psi/
0~300 psi.
Accuracy: ±0.25%
full scale pressure
Accuracy: ±0.5 °C
Accuracy: ±0.5 °C

Accuracy: ±2 %

Supply airflow

Ebtron GTC116-P

Accuracy: ±2%
airflow
±0.08 °C temperature

Refrigerant flow

Micromotion Coriolis
mass flow meter
R025S1113UR

Accuracy: ±0.5%
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A total of 56 steady-state tests were conducted covering a range of operating conditions as
shown in Table 2. The compressor speed and supply fan speed can be directly controlled through
the proprietary communication protocol acquired from the manufacturer. The EXV opening is
varied through a step motor control sequence implemented in Arduino UNO3. All the experimental
data were collected with a National Instruments CompactRIO controller with relevant input/output
modules. For each steady-state test point, measurements were averaged over a 10-minute time
window after the system reached steady state to obtain the steady-state performance.
Table 2
Ranges of operating conditions involved in the tests
Boundary conditions
Range
750—1800
Indoor air flow rate (CFM)
Compressor speed (RPM)

1300—3400

Evaporator air inlet temperature (K)

295—300

Evaporator air inlet relative humidity (%)

25—40

Outdoor air temperature (K)

288—306

5. Case study results
5.1. Results of evaporator
In addition to the parameters involved in Eq. (6) and Eq. (7), other parameters that need to be
estimated include the total tube length l and number of evaporator coil circuits C. For airconditioning, heat pump and refrigeration systems, 3/8”-diameter tubes are predominantly used.
Therefore, the standard tube diameter and wall thickness are used in the gray-box model without
any training involved. This treatment reduces the number of estimation parameters for better model
identifiability while ensuring applicability of the proposed methodology to general airconditioning, heat pump and refrigeration systems. The candidate parameters to be estimated are
summarized in Table 3. It may be noted that all the estimation parameters take continuous values
except for the number of circuits. A “mixed-integer” training scheme is adopted where the discrete
parameter is enumerated for a set of possible discrete values and for each value, identification is
performed for the remaining continuous parameters. The parameter value combination that
achieves the minimum root mean square relative error (RMSRE) is selected. Four discrete values
(4, 6, 8 and 10) are considered for the number of circuits during training. In Table 3, the continuous
parameters of refrigerant side HTC have been ranked by their significance using the preconditioning steps discussed in Section 2.
Table 3
Estimation parameters of the evaporator
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Continuous parameters
Evaporation HTC
Air HTC
correlation
correlation
{ θ3, θ7, θ1, θ2, θ4, θ5, θ6 }
a1
a2

Discrete parameter
Geometry

C

l

Estimation of the model parameters is a classic nonlinear regression problem and a Levenberg–
Marquardt-based algorithm was used. Offline simulations were carried out with the high-fidelity
Chen correlation for a wide range of operating conditions, resulting in a total of 14490 performance
points. These results were used in a nonlinear regression to obtain the initial guesses of the
parameters associated with the evaporation HTC correlation (’s in Table 3). The parameter a2
assumes an initial value of 0.8, which is equal to the exponent of Reynolds number in classic
turbulent flow HTC correlations. The tube length l and parameter a1 should be proportional to the
system capacity and thereby assume initial values of 10 m/ton and 400/ton, respectively.
We divided the 56 experimental data points into two groups, a training data set and a validation
data set. It is generally true that the accuracy of an identified model is positively correlated with
the size of training data. To understand the sensitivity of model accuracy with the training data
size, a parametric analysis has been conducted for different combinations of training data size and
number of estimation parameters. The comparisons of the validation RMSRE (VRMSRE) are
shown in Table 4 for training data sizes of 26 and 46 and for different number of estimation
parameters. For each size, training data points were chosen randomly from the pool of the 56 points
and the remaining points belong to the validation set. To reduce bias and uncertainty, the random
selection of the training data points was repeated 10 times. The different rows in Table 4
correspond to cases with different number of continuous parameters estimated in the training
process. It should be noted that the air side HTC parameters (a1 and a2) and the tube length (l) are
always significant and thereby included by the estimation parameter set. The remaining estimation
parameters are those associated with the evaporation HTC correlation with the highest significance.
For example, an estimation parameter set of size 6 includes a1, a2, l, 3, 7, and 1. For the nonsignificant parameters, the values are fixed to their initial guesses. When limited training data is
available (26 points), the model accuracy deteriorates when more estimation parameters are
involved. This is expected since it is more challenging for a smaller data set to cover a wide range
of operating conditions and using more parameters would lead to higher risks of overparameterization and inter-parameter correlations. On the other hand, larger training data sets (e.g.,
46-point data) can have a better coverage of operating scenarios, and estimating more parameters
simultaneously would be less problematic.
Table 4
Comparisons of VRMSRE for training data sizes of 26 and 46
VRMSRE
(median, 75 th percentile)
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Number of
continuous
parameters
4
6
8
10

Training data sizes
26

46

2.14%, 3.49%
4.14%, 6.83%
6.75%, 10.11%
11.3%, 13.04%

1.84%, 2.02%
1.58%, 1.96%
1.46%, 1.9%
1.37%, 1.85%

Table 5 compares the sizes of the averaged confidence intervals for different training data sizes.
For each parameter, a normalized size of confidence interval can be calculated relative to the
estimated parameter value. The confidence interval size was averaged across all parameters to
obtain an indicator of the parameter accuracy. Results in Table 4 and Table 5 together show that
when a small training data set is available, both the parameter accuracy (dictated by the conference
interval size) and prediction accuracy (indicated by VRMSRE) deteriorate with an increasing
number of estimation parameters. However, for cases with relatively large training data sets, e.g.,
of size 46, the prediction accuracy improves with the number of parameters while the parameter
accuracy has the opposite trend. To seek an optimal trade-off between the reliability of the
parameter estimates (dictated by the size of confidence interval or estimation variance) and the
prediction accuracy, six estimation parameters are used in the final gray-box model.
Table 5
Comparisons of confidence interval size for training data sizes of 26 and 46
Confidence interval size
Number of
(median, 75th percentile)
continuous
Training data sizes
parameters
26
46
4
74.25%, 89.57%
66.14%, 85.11%
5
86.14%, 100.27%
80.51%, 97.9%
6
121.6%, 218.72%
104.88%, 183.75%
7
342.93%, 627.18%
263.93%, 406.54%
8
395.82%, 882.79%
379.01%, 679.63%
9
683.3%, 1376.02%
425.42%, 807.36%
10
981.47%, 1603.21% 609.5%, 1168.43%

The estimated values for the six parameters with a randomly chosen 46-point training data set
for different circuit numbers are shown in Table 6, where the results highlighted in bold indicate
the final identification results with the minimum training RMSRE (TRMSRE). It can be seen that
the air-side HTC parameters have the highest accuracy with the smallest confidence intervals
(approximately 25%) while high uncertainties are present for the refrigerant-side HTC parameters
with large confidence intervals (40% to 110%). This is expected since air-side heat transfer
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resistance dominates the overall thermal resistance for air-to-refrigerant evaporators and the model
output is more sensitive to air-side parameters. In this study, the evaporator coil was taken out of
the indoor unit and carefully inspected. The total tube length is approximately 42.32 m with 8
parallel circuits. It is evident that the identification technique is able to capture the geometric
properties of the system with reasonable accuracies.
Table 6
Parameter estimation results for randomly chosen 46 training data points
Circuit number
θ1
θ3
θ7
a1
a2
l (m)
4
2.3074e-10
-0.7415
-0.8281
1238.8
1.278
34.148
6
2.1298e-10
-0.6916
-0.7653
1346.1
1.1615
35.9766
-10
8
1.9517e
-0.64
-0.7122
1297
1.2671
36.72
-10
[95% confidence [1.3095e ,
[-1.3897, [-1.0438,
[916.3,
[1.0396,
[12.124,
-10
interval]
2.5938e ]
0.1096]
-0.3806]
1677.7]
1.4946]
61.32]
-10
10
1.7263e
-0.5622
-0.7824
1112.6
1.1579
41.388

TRMSRE
2.11%
1.85%
1.35%
2.39%

8000

Training data
Validation data

Measured cooling capacity (W)

Measured cooling capacity (W)

Figure 3 compares the measured and predicted cooling capacity by the six-parameter evaporator
models identified with 26 and 46 training data points, which shows a consistent trend to that shown
in Table 4, i.e., larger training data results in a better prediction accuracy.
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Simulated cooling capacity (W)

(a)
(b)
Figure 3 Comparisons of cooling capacity between simulation and experiment for (a) 26 training
data points, VRMSRE=5.08% and (b) 46 training data points, VRMSRE=1.54%.

5.2. Results of condenser
The establishment of the condenser model followed a similar procedure. The pre-conditioning
steps were utilized to identify the influential parameters and to rank the parameter significance.
The candidate estimation parameters include the refrigerant-side HTC parameters c1 to c5 shown
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in Eq. (10), air side HTC b1, tube length l and number of circuits C. Similar to the evaporator case,
the air side HTC and tube length are always significant and estimated in the training process.
Additional estimation parameters are selected from the refrigerant-side HTC parameters according
to their significance; the parameter significance has the order of c3, c1, c2, c5, c4 from the highest
to the lowest. The comparisons of confidence intervals for the various cases are shown in Table 7.
The results show similar trends to those of the evaporator: with limited training data, higher
parameter and prediction accuracies can be achieved with fewer estimation parameters; when
adequate performance data is available, more estimation parameters can result in higher prediction
accuracy but lower parameter accuracy.
Table 7
Comparisons of confidence interval size for training data sizes of 26 and 46
Confidence interval size
Number of
(median, 75% percentile)
continuous
Training data sizes
parameters
26
46
3
91.8%, 104.33%
87.63%, 99.8%
4
105.47%, 190.06%
95.29%, 108.24%
5
375.92%, 581.21%
278.53%, 396.08%
6
557.35%, 1168.06%
348.67%, 689.7%
7
903.73%, 1621.59% 602.05%, 979.56%

Based on the results presented in Table 7, five continuous parameters were used for training in
the gray-box model. Table 8 shows the estimated parameter values with 46-point training data. It
was challenging to disassemble the outdoor unit for a thorough inspection of the condenser coil.
However, the CAD drawing of the condenser coil was acquired from the manufacturer from which
the total tube length of the condenser was estimated (approximately 224.88 m with 8 parallel
circuits). The model identification results are in good agreement with the actual condenser
geometries.

Circuit number
4
6
8
[95% confidence
interval[
10

Table 8
Identified parameter values for the condenser
b1
c1
c2
c3
25.2789
0.0438
4.4579
1.1315e8
25.0871
0.0547
3.4825
0.9553e8
24.514
0.0506
2.5371
1.0776e8
[22.878,
[0.0336,
[-1.1686,
[8.172e7,
26.15]
0.0675]
6.2428]
1.338e8]
24.7987
0.062
2.013
0.847e8
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l (m)
264.27
260.93
274.38
[159.26,
389.5]
281.48

TRMSRE
1.21%
1.07%
0.86%
0.95%

The comparisons of the measured and predicted condenser heat for 26 and 46 training data
points are shown in Figure 4. The results show satisfactory prediction accuracy for both training
data sizes, although a much higher accuracy is achieved for the larger training data set.
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(a)
(b)
Figure 4 Comparisons of condenser heat transfer rate between simulation and experiment for (a)
26 training data points, VRMSRE=4.09% and (b) 46 training data points, VRMSRE=0.93%.

5.3. Results of compressor model
Since the compressor model involves very few parameters and identification of the sub-models
can be carried out in a decoupled manner, down-selection of estimation parameters is not necessary.
For the mass flow sub-model, there is only one estimation parameter, i.e., the compressor swept
volume. Direct measurement of the discharge enthalpy is available and thus, the combined
isentropic efficiency and heat loss ratio can be calculated from the experimental data. This allows
easy identification of the coefficients for the isentropic efficiency and heat loss correlations given
in Eq. (12) and Eq. (13) through least-square linear regression. The model training and validation
performances are depicted in Figure 5 to Figure 6 for predictions of mass flow rate and power
input. It can be observed that the compressor power prediction errors are greater than those of other
component models; this is because the power prediction relies on the sub-models for mass flow,
combined isentropic efficiency and heat loss and the corresponding sub-model inaccuracies added
up to higher total errors in the power prediction.
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Figure 5 Comparisons of mass flow rate between simulation and experiment for (a) 26 training
data points, VRMSRE=5.88% and (b) 46 training data points, VRMSRE=1.21%.
2500

2500
Training data
Validation data

1500

2000
Measured power (W)

Measured power (W)

2000

+10%

1000
-10%

500
0
0

500

1000
1500 2000
Simulated power (W)

2500

Training data
Validation data

1500

+10%

1000
-10%

500
0
0

500

1000
1500 2000
Simulated power (W)

2500

(a)
(b)
Figure 6 Comparisons of power between simulation and experiment for (a) 26 training data points,
VRMSRE=6.87%, and (b) 46 training data points, VRMSRE=3.49%.

5.4. Results of integrated model
During training of the system model, the established component models were integrated and a
simple line search was performed to find the total refrigerant charge achieving the minimum
RMSRE in the cooling capacity prediction. The estimated charge was 3.014 kg with a 95%
confidence interval of 2.8145 kg to 3.2145 kg, using a 46-point training data set. The comparisons
of the predicted (by the integrated model) and measured cooling capacity and compressor power
are shown in Figure 7 and Figure 8. The identified system model with 46 training points is able to
predict the cooling capacity and compressor power with errors of approximately 3.5%. When the
size of training data is reduced to 26, the prediction errors almost double but are still satisfactory.
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Figure 7 Comparisons of cooling capacity between simulation and experiment for (a) 26 training
data points, VRMSRE=6.55%, and b) 46 training data points, VRMSRE=3.29%.
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Figure 8 Comparisons of compressor power between simulation and experiment for (a) 26 training
data points, VRMSRE=7.2%, and (b) 46 training data points, VRMSRE=3.86%.

6. Conclusions
This paper presented a gray-box steady-state modeling methodology for variable-speed DX
systems that preserves model reliability under limited training data. A hierarchical training scheme
is adopted where the components models are trained separately and are then integrated through
continuity equations to establish a system model that is fine-tuned by adjusting the system
refrigerant charge. This sequential training approach reduces computational burden and improves
model reliability during training. To mitigate potential over-parameterization issues, the
methodology incorporates a parameter down-selection procedure to eliminate non-influential and
correlated parameters. The methodology was applied to a 3-ton variable-speed heat pump to
characterize its steady-state performance. Prediction and parameter accuracies were demonstrated
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for different training data sizes. It was shown that parameter accuracy deteriorates as more
parameters are to be estimated. However, the trend of prediction accuracy bifurcates as the size of
training data varies: when adequate training data is available, the model prediction accuracy
improves as more estimation parameters are used; but for cases with limited training data, the
prediction accuracy becomes worse when more parameters are estimated.
Better extrapolation performance is a clear advantage of gray-box modeling approach over the
black-box method. It is generally true that larger training data would result in more reliable
parameter estimates when the operating conditions are randomly sampled for training data
acquisition. The presented model identification methodology is passive in the sense that the control
settings are not proactively manipulated in the data collection phase. Optimal experimental design
(OED) techniques can be leveraged as part of an active identification scheme where the target
system is proactively controlled to obtain the most informative training data. Our prior work on
active identification of building envelope models has shown that the parameter accuracy can be
improved 30 folds with optimally designed experiments compared to passive training data
collection, for a given training data size (Cai et al., 2016). The application of OED to VCS model
training will be explored in future work.
This steady-state modeling methodology is part of an inverse VCS dynamic modeling toolkit
designed for control algorithm development to enable stable variable-speed operations and
provision of fast ancillary services to the electric grid (Liu et al., 2021). However, the obtained
steady-state model can also be applied for general online applications such as control optimization
and FDD.
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